First, the Thomas-Fermi-Amaldi ͑TFA͒ equation was formulated with a newly derived condition to remove the singularities at the nuclei, which coincided with the molecular cusp condition. Next, the collocation method was applied to the TFA equation using the grid-based density functional theory. In this paper, the electron densities and the radial probabilities for specific atoms ͑He, Be, Ne, Mg, Ar, Ca͒ were found to agree with those from the Thomas-Fermi-Dirac ͑TFD͒ method. Total energies for specific atoms ͑He, Ne, Ar, Kr, Xe, Rn͒ and molecules ͑H 2 ,CH 4 ͒ were also found to be close to those from the Hartree-Fock method using the Pople basis set 6-311G relative to the TFD method. In addition, the computational expense to determine the electron density and its corresponding energy for a large scale structure, such as a carbon nanotube, is shown to be much more efficient compared to the conventional Hartree-Fock method using the 6-31G Pople basis set.
I. INTRODUCTION
The electron density for molecular systems could be used to describe the chemical, physical, optical, and mechanical properties of systems ranging from microscale to macroscale in size. Resulting from this, various methods using first principles have been developed to calculate electron density. These methods are classified into two theories: first, a wave functional theory and second, a density functional theory ͑DFT͒. The wave functional theory first determines the true electron orbitals, and then it could determine the electron density distribution by summing all these electron orbitals in the three-dimensional space. However, the computation times for methods based on this theory could be prohibitively expensive due to the use of the base functions for the determination of wave functions. For example, the computational cost for a configuration interaction ͑CI͒ method is proportional to O 3 V 4 , where O and V stand for the number of occupied and virtual Hartree-Fock ͑HF͒ orbital basic sets. A lot of elaborations, including the Gaussian methods and the complete basis set ͑CBS͒ methods, have been designed to obtain more accurate descriptions than the HF method. However, the best of these techniques, the G3 ͑Ref. 1͒ CBS-atomic pair natural orbital 2 ͑CBS-APNO͒ methods, are also limited to small chemical systems in their application due to the computational complexity. On the other hand, the development of DFT techniques, such as B3LYP ͑Ref. 3͒ and KMLYP, 4 has resulted in methods that are significantly more efficient than wave functional theory methods of comparable accuracy. On the other hand, the relatively respectable accuracy and computational efficiency of the DFT method indicates that further improvements could lead to methods that are both highly accurate and relatively efficient. Molecular mechanics using force fields have also been quite successful in reducing the computational cost of a large system, where the force fields are designed through a curve fitting to the first-principles calculation results or experimental data. Typical examples of the force field are the Dreiding force field, 5 universal force field, 6 and reactive force field. 7 However, no force field method is accurate enough to predict accurate transition state barriers or reaction enthalpies. On the contrary, a multigrid method 8, 9 has been proposed recently to determine the discrete electron densities and their corresponding energies, where the Hamiltonian equation in the real space was discretized by the finite difference and finite element methods. 10 A conventional multigrid method is composed of a two-step process: the first step is to determine the effective potential for electrons from the Poisson's equation and the second step is to determine the electron density distribution by solving the Kohn-Sham equation under the electronic potential derived from the first step. These two steps are solved iteratively until self-consistency is reached.
In this paper, we propose a new method to directly determine the discrete electron densities and their corresponding energies, which have not been previously investigated to our knowledge. In this proposed method, the Thomas-FermiAmaldi ͑TFA͒ equation in a three-dimensional real space is first formulated, where the electron density is chosen as the fundamental variable and the nucleus-electron cusp condition is satisfied. The weak form of the TFA equation is obtained by using the point collocation method pertaining to the weighted residual scheme, which is popular among solid mechanics, fluid mechanics, and thermodynamics. Section II describes the TFA equation with the three-dimensional cusp conditions satisfied, which is derived to remove the singularities at the nuclei. Section III describes the collocation method applied to the TFA equation, and Sec. IV reports on and discusses the electron densities and total energies determined using the present scheme and the Thomas-Fermi-Dirac 11 ͑TFD͒ method and the HF/6-311G ͑Ref. 12͒ method for the atoms ͑He, Ne, Ar, Kr, Xe, Rn, Be, Mg, Ca͒ and molecules ͑H 2 ,CH 4 ͒ studied. In addition, the computational times used to determine the electron densities and the total energy for a carbon nanotube, using both the present method and the HF/6-31G method, are compared. We conclude in Sec. V.
II. DERIVATION OF THE THREE-DIMENSIONAL THOMAS-FERMI EQUATION CONSIDERING THE CUSP CONDITION
The electron density for the Thomas-Fermi ͑TF͒ equation has singularities at the nucleus positions not only for an atom but also for a molecule. Therefore, we need to regularize these singularities. Parr and Ghosh 13 introduced the extra variable K to remove the discontinuity of the electron density distribution at the atomic position. Its corresponding Thomas-Fermi equation for an atom is as follows:
where is introduced to ensure that the summation of the electron density distribution in the given space is equal to the total electron number. Similarly, using Lagrange multipliers for the conservation of the total electron number and for continuity of the electron density distribution, the energy functional for a molecule can be expressed as
The last term in the above equation can be rewritten using integration by parts:
͑3͒
Taking the first variation of Eq. ͑2͒ with respect to the electron density and using Eq. ͑3͒ give rise to the following equation:
Thus, the Euler-Lagrange equation for molecules can be obtained:
͑5͒
Then, by introducing the condition ␣ =−Z ␣ /4K ␣ derived to satisfy the continuity of electron density, the resulting Thomas-Fermi equation for molecules can be written as follows:
Furthermore, it is necessary to derive an additional condition that makes the electron density for a molecule satisfy the cusp condition. Also, the cusp condition of a molecule 14 was suggested as follows:
where Z A is the nuclear charge, r = 0 is the nuclear position, and is an angular averaged electron density. As can be seen in the following equation, the angular averaged electron density shows spherical symmetry:
Differentiating Eq. ͑8͒ with respect to r gives the following equation:
Then, the insertion of Eq. ͑7͒ into the first term of Eq. ͑9͒ results in a very compact equation ͑see the Appendix͒:
Eventually, Eqs. ͑6͒ and ͑10͒ are derived to determine the electron density for molecules.
III. FORMULATION
In this study, the Fermi-Amaldi 15 exchange energy ͓Eq. ͑11͔͒ has been adopted for the Thomas-Fermi DFT equation instead of the Dirac exchange energy. This is because the Dirac exchange increases the nonlinearity of the ThomasFermi equation. Hereafter, the Thomas-Fermi equation that includes the Fermi-Amaldi exchange term is called the "TFA" equation. For the numerical analysis of the TFA equation, it is discretized using a collocation method. Conversely, we found that each subdomain in the mesh becomes smaller as the domain is discretized using a very fine mesh.
We added the exchange energy of Eq. ͑11͒ to Eq. ͑2͒, resulting in Eq. ͑12͒. Consequently, we can determine the electron densities by solving the following three equations: 
Multiplying Eq. ͑12͒ by the weight function and the integration over a finite domain give
Then, let w = ␦͑r − r i ͒ and ͑rЈ͒ = ͚͑r j ͒H j ͑rЈ͒ be substituted in Eq. ͑15͒:
The new set of equations is obtained as follows:
Consequently, the set of nonlinear equations used to determine the electron density is produced. For the case of an atom, the electron density satisfies the following equations:
In the case of molecules, where the electron density is distributed asymmetrically, the set of nonlinear equations is derived as follows: 
Since the discretized modified TFA equation becomes a nonlinear set of equations, the nonlinear set of equations is linearized and solved iteratively using the Newton method.
IV. RESULTS AND DISCUSSION
First, we verified the electron densities for He, Be, Ne, Mg, Ar, and Ca atoms and those for the molecules H 2 , CH 4 , and C 80 using the present scheme. In Fig. 1 , we can see that the electron density coincides with the electron density that was determined by the TFD method. Moreover, it should be noted that the radial probabilities agree with those of the TFD method as seen in Fig. 2 except the long distant part from the nucleus. Since the Dirac exchange term causes the TFD equation to be more nonlinear, the probabilities have discontinuity on the long distance from the nucleus. In the present scheme, due to the Amaldi exchange term, there is no discontinuity in the radial probabilities similar to the Thomas-Fermi-Dirac-Weiszacker 16 ͑TFDW͒ method. We also calculated the total energies of several atoms, including He, Ne, Ar, Kr, Xe, and Rn, used in previous studies. Table I summarizes some numerical results for the atomic elements pertaining to the 18th group in the Periodic Table. We found that for atoms with high atomic numbers, highly refined mesh is required to obtain results comparable to those of the HF/6-311G method. This may be due to the slope of the electron density being locally high, with a strong Coulomb attraction between the nucleus and electrons.
Next, the total energies and the energy components such as kinetic, electron-electron repulsion, nucleus-electron attraction, and nucleus-nucleus repulsion energy for the molecules mentioned above were computed using the present scheme. In the case of H 2 , having a bond distance of 1.389 bohrs that is optimized through the HF/6-311G method, the electron density distribution was determined in the entire cubic domain of 3 ϫ 3 ϫ 4 bohrs, consisting of 30ϫ 30ϫ 50 nonuniform meshes, using the present scheme. On the other hand, in the case of CH 4 , with a bond distance of 2.042 bohrs, we used the 30ϫ 30ϫ 30 nonuniform meshes in the same domain size as in the case of H 2 . The last example of the molecules was performed on a carbon nanotube structure consisting of 80 carbon atoms, as shown in Fig. 3 , where the bond distance between carbon atoms was 2.707 bohrs and it had the chirality of a ͑5, 5͒ type. For the computation of the electron density in this structure, the entire domain was chosen to be the cylinder which has the radius of 4.63 bohrs, thickness of 4 bohrs, and length of 20.5 bohrs. In addition, the corresponding mesh for the circumference, thickness, and length of the cylinder is 40ϫ 6 ϫ 64, respectively.
For H 2 and CH 4 , we found that the total energies determined by the present scheme were closer to those of the HF/6-311G method than those of the TFD method. As shown in Tables II and III, the kinetic energy components determined by the present scheme and the TFD method are most different from that of the HF/6-311G method. Therefore, it is considered that the difference of the energies from the present scheme and HF method is attributed to the inaccurate description of the kinetic energy for the Thomas-Fermi model. Moreover, it was also considered that a fine mesh was required to approximate the electron density whose gradient was significant around the nucleus. It is clear that reasonably accurate results would be obtained when a fine mesh was used. Consequently, it is indicated that the present method should use the mesh size to obtain relatively accurate results.
In contrast, we found that the HF method needed to use large basis sets to obtain more accurate results; that is, the HF method should use an infinite number of basis sets to obtain accurate values of the total energy and electron density distribution. However, a practical scheme using the HF method is limited to using a finite number of basis sets; thus it is unable to control the number of basis sets continuously. For example, in the HF method the basis set of 6-311G should be chosen to improve the accuracy of the results from the basis set of 6-31G. This choice results in an abrupt increase of the computational time; whereas the present method can improve the accuracy of the result without a sudden computational expense through nonuniform and/or fine mesh. Table  IV shows the total energy and their energy components for the carbon nanotube ͑CNT͒ ͑C 80 ͒ obtained from the present method. Figure 4͑a͒ shows that a fine mesh is required to obtain accurate results and Fig. 4͑b͒ shows that the chemical potential using a fine mesh could approach the experimental data from Pearson. 17 Figure 5 shows the difference for a molecular binding behavior for H 2 using the present scheme and the HF method.
V. CONCLUSIONS
We presented a three-dimensional TFA equation, including the exchange energy and constraint on the molecular cusp condition, for the computation of the electron density; the collocation method was also chosen as the numerical analysis. This method made it possible to compute the electron density for molecules without the information from the electron orbital. The present scheme was verified and compared with the TFD method and the HF method. Reasonable results were obtained for atoms and molecules. However, in order to obtain the accurate energies for molecules, the kinetic energy is required to replace the Thomas-Fermi form with the Weiszacker correction term. Moreover, in the numerical analysis for the present method, the resulting matrix was so dense and asymmetric that we need to change the dense matrix into a sparse one to save computation time.
Since the integral term of the TFA equation is the electrostatic potential, a TFA equation with a dense matrix can be split into two equations: the Poisson equation and the TFA equation with a sparse matrix. These two equations can be solved iteratively in a similar way to the multigrid method used to reduced computation time. On the other hand, the TFD method and the present scheme are still suffering to describe shell structures and molecular binding as they did not include gradient effects for kinetic energies. Currently, we are working to overcome this problem. In the future, we will report the new scheme also corrected for accurate description of shell structures and molecular binding. 
APPENDIX: DERIVATION OF THE MOLECULAR CUSP CONDITION
Let the origin of the coordinate system be the ␤th atom position and the vector be denoted by s. Equation ͑9͒ is written as follows:
When the additional equation of the three-dimensional ͑3D͒ modified TFA equation is formulated to determine the unknown variable K, the first term of Eq. ͑A1͒ can be computed using the cusp condition:
͑A2͒
where in spherical coordinates, r = re͑⍀͒, ͉e͉ =1. Since the second term in Eq. ͑A1͒ is the function of s, and sЈ is a dummy variable and ͉s − sЈ͉ can be expand to Eq. ͑A3͒, the differentiation of ͉s − sЈ͉ and 1 / ͉s − sЈ͉ with respect to s can be written in Eq. ͑A4͒,
where is the angle between sЈ and s. The radial variable is independent on the angular variable, and the order of operation, such as differentiation and angular average, can be changed. Therefore, the second term in Eq. ͑A1͒ becomes zero as shown in Eq. ͑A5͒,
͑A5͒
In the third and the fourth term of Eq. ͑A1͒, the differentiation of ͉s − S ␣ ͉ with respect to s is calculated in Eq. ͑A6͒, as follows:
‫ץ‬ ‫ץ‬s ͉s − S ␣ ͉ = s − S ␣ cos ͉s − S ␣ ͉ . ͑A6͒
The third and the fourth term in Eq. ͑A1͒ become 4z ␤ K ␤ 2 as shown in Eq. ͑A7͒,
−
‫ץ‬ ‫ץ‬s 
With ͑A2͒ and ͑A7͒, the following equation is obtained:
Using the molecular cusp condition, the equation can be obtained to determine the unknown variable K ␤ that ensures the continuity of the electron density at nuclear position R ␤ .
